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Abstract. We consider the following nonlinear Sclirodinger equa- 
tion 

r Au- {l + SV)u + f{u) ^0 inM^, 
\ u > in e H\R'^) 

where 1^ is a potential satisfying some decay condition and /(u) is a 
superlinear nonlinearity satisfying some nondegeneracy condition. 
Using localized energy method, we prove that there exists some 
^0 such that for < S < Sq, the above problem has infinitely 
many positive solutions. This generalizes and gives a new proof of 
the results by Ccrami-Passasco-Solimini The new techniques 
allow us to establish the existence of infinitely many positive bound 
states for elliptic systems. 



1. Introduction 

In this paper, we consider nonlinear Schrodinger equations and sys- 
tems with non-symmetric potentials. We are interested in the multi- 
plicity of positive solutions. 

1.1. Nonlinear Schrodinger equation with non-symmetric po- 
tential. We first consider the following equation: 

j Au-{l + 6V{x))u + f{u) = inM^ 
\ ti > in M^, ue H\R^) 

where > 2 , 5 is a positive constant and the potential ^ is a con- 
tinuous function satisfying suitable decay assumption, but without any 
symmetry. We are interested in the existence of infinitely many positive 
solutions of equation (11. ip . 

Equation (II. ip arises in the study of solitary waves in nonlinear equa- 
tions of the Klein-Gordon or Schrodinger type and has been under 
extensive studies in recent years. 

Consider the following problem first 

Au-V{x)u + f{u) =0,u> inM^, ueH\R^). (1.2) 
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If / satisfies global Ambrosetti-Rabinowtiz condition and V satisfies 

inf V{y) < lim V{x), (1.3) 



then, using the concentration compactness principle [291 EQ], one can 
show that (11.21) has a least energy solution. See for example [211 l29l 

But if (II. 3p does not hold, (ll.2p may not have least energy solution. 
So, one needs to find solution with higher energy level. For results in 
this direction, the readers can refer to [6l [7]. 

On the other hand, if we consider the following semi-classical prob- 
lem: 

e'^Au-V{y)u + uP = 0, u>0, lim u{y) = 0, (1.4) 

\y\—>+oo 

where e > is a small parameter and p subcritical, then the number of 
the critical points of vly) (see for example [Il[36],[n]-[2Q],[23l|36lll5]), 
the type of the critical points of V{y) (see for example [H [26l [35], and 
the topology of the level set of V{y) [21 [31 [HI [Mj, can affect the number 
of the solutions for (II. 4p . The construction of single and multiple spikes 
in degenerate setting is done by Byeon-Tanaka [HI [9]. In particular, we 
mention the following multiplicity result due to Kang-Wei [26] (see [8] 
for general f{u)): If V{x) has a local maximum point, then for any fixed 
integer K, there exists > such that for e < e/^ there are solutions 
with K spikes. So for the singularly perturbed problems (II. 4p . the 
parameter e will tend to zero as the number of the solutions tends to 
infinity. Thus all these results do not give multiplicity result for (II. 2p . 

About the existence of infinitely many positive solutions, Coti-Zelati 
and Rabinowitz [121 [Ej first proved the existence of arbitrarily bumps 
(hence infinitely many solutions) for (II. 2p when y is a periodic function 
in M^. (See Sere [H] for related work on Hamiltonian systems.) As 
far as we know, without periodicity nor smallness of the parameters, 
the first result on the existence of infinitely many positive solutions 
was due to Wei-Yan [16]. (Another variational proof was given in [T6].) 
They proved the existence of infinitely many non radial positive bump 
solutions for (II. 2p under the following assumption at infinity 

V{x) = V{\x\) = V^ + j^ + Oij-^). 

In a recent remarkable paper [11], Cerami-Passasseo-Solimini devel- 
oped a localized Nehari's manifold argument and localized variational 
method to prove the existence of infinitely many positive solutions of 
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the following equation 

Au- {l + dV)u + uP = inM^ , . 

M > in M^, ue H\R^) ^^-^^ 

where the potential V satisfies suitable decay assumption (see below 
(H1)-(H2)). 

The purpose of the first part of this paper is two folds. Firstly, 
we want to generalize the results of [11] for more general nonlinearity, 
i.e, we consider a more general equation (11. ip . Secondly, we will give 
another proof of the results of [11] , in the spirit of Liapunov-Schmidt 
reduction. 

In Section [2l we assume that / : R — )■ M satisfies the following two 
conditions: 

(/i) / : M ^ M is of class C^^" for some < a < 1 and f{u) = 

for u < 0. 
(/2) The equation 

Aw-w + f{w) = 0, «; > in ,^ . 

w{0) = maXyfz^N w{y), — j- as |?/| — t- oo \ ■ ) 

has a nondegenerate solution w, i.e., 

Ker(A - 1 + f'{w)) = Span{f^, ■ ■ ■ , |^}. (1.7) 

We note that the function 

fit) = f - af, for t > (1.8) 

with a constant a > satisfies the above assumptions (/i) — (/2) if 
1 < g < j9 < (^^1)+. Nondegeneracy is a generic condition. We should 
remark that there do exist nonlinearities with degenerate ground states; 
the first example seems to be given by Dancer [15]. See also Polacik 



Under the above assumptions, we know that there exists a unique 
positive eigenvalue of the operator A — 1 + f'{w). That is, there exists 
an unique eigenvalue Ai > and its corresponding eigenfunction $o 
(which can be made positive and radially symmetric) satisfying 

A$o - $0 + /»$o = Ai<l>o, $0 G //'(M^). (1.9) 

This function will play important role in our secondary Liapunov- 
Schmidt reduction (see Section 1^72] below) . 
The energy functional associated with (11. ip is 

J{u) = ]-I \Vu\^+{l + SV)u^dx- I F{u)dx, (1.10) 
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where F{u) = f{s)ds. 

Let us now introduce the assumptions on V{x) (simihar to [H]) 

J {HI) V{x) as |x| oo, , . 

\ {H2) 3 < 7/ < l,hm|^|_,oo1^(x) e*?!^! = +CX). ^ ' 

We now state the main theorem in this paper: 

Theorem 1.1. Let f satisfies assumption (/i) — (/2), the potential V 
satisfies assumption {H1) — {H2). Then there exists a positive constant 
6o, such that for < 6 < 6o, problem U.l\) has infinitely many positive 
solutions. 

In the following we sketch the main steps in the proof of Theorem 

o 

1.2. Sketch of the proof of Theorem 11.11 We introduce some no- 
tations first. Let p > be a real number such that w{x) < ce~'^' for 
> p and some constant c independent of p large. Now we define the 
configuration space, 

Ai = M^, Afc := {{Qi,--- ,Qk) eR''\mm\Q,-Q,\>p}yk > 1. 

(1.12) 

Let w be the nondegenerate solution of (11. 6p and A; > 1 be an integer. 
Define the sum of k spikes as 

k 

wq, =w{x -Qi), and wq,...,q^ = ^wq^. (1.13) 

i=l 

Let the opertaor be 

S{u)=Au-{l + 5V)u + f{u). (1.14) 

Fixing Qfc = {Qi, ■ ■ ■ , Qk) G A^, we define the following functions as 
the approximate kernels: 

% = ^X.(a:), forz = I,-- - j = l,--- ,A^, (1.15) 
where wq.{x) = w{x — Qi), Xi{^) = x(^|^E^) ^^^^ x(0 is a cut off 

2 

function , such that x(0 = 1 for 1^1 ^ 1 and x(0 — 1^1 — 
Note that the support of Zij belongs to B p2 (Qi). 

2(P+1) 

Using wq^^... as the approximate solution and performing the Liapunov- 
Schmidt reduction, we can show that there exists a constant Pq, such 
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that for p > po, and 6 < Cp, for some constant Cp depend on p but 
independent of k and Q^, we can find a such that 

i=l,... ,fcj=l,...,Ar 

and we can show that 0Qj. is in Qfc. This is done is Section [2?T1 
After that, for any /c, we define a new function 

-M(Qfc) = ^(^Q„...,Q.+0Qj, (1.17) 

we maximize A^(Qfc) over A^. 

There are two main difficulties in the maximization process. First, 
we need to show that the maximum points will not go to infinity. This is 
guaranteed by the slow decay assumption on the potential V . Second, 
we have to detect the difference in the energy when the spikes move 
to the boundary of the configuration space. In the second step, we use 
the induction method and detect the difference of the fc-spikes energy 
and the k + 1-spikes energy. A crucial estimate is Lemma 12. 2[ in which 
we prove that the accumulated error can be controlled from step k to 
step A; + 1. To prove this, we perform a secondary Liapunov-Schmidt 
reduction. This is done is Section 12.21 and 12.31 Finally in Section 12. 4[ 
we give the proof of Theorem II. 1[ 

Unlike the variational method and Nehari's manifold arguments in 
[TT] . our main idea is to use the Liapunov-Schmidt reduction method. 
The only assumption we need is the nondegeneracy of the bump. We 
have no requirements on the structure of the nonlinearity. We note that 
the nondegeneracy is also needed in arguments of |Tl]. Our approach 
is different. It handles more general nonlinearities and can be readily 
applied to other similar problems such as elliptic systems and magnetic 
Ginzburg-Landau equations ([37]). 

In the following we present the applications of our techniques to 
elliptic systems in which the bump can have higher Morse index. 

1.3. Nonlinear Schrodinger system with non-symmetric po- 
tential. As we mentioned above, our approach can be applied to other 
problems such as elliptic system. So in this section, we apply our 
method to the elliptic system. We consider the following nonlinear 
Schrodinger system in (A^ < 3) 

f — Am + (1 + 5a(2;))M = + /3t>^ti fl IS) 

\ -Av ^ il ^ bh[x))v = p2\v\^v ^ fiu^v ^' ' 

where 5 is a constant and the potential a(x), h[x) are continuous func- 
tions satisfying suitable decay assumption, but without any symmetry 
property. 
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This type of system arise when one considers the standing wave 
solutions of the time dependent n— coupled Schrodinger systems of the 
form with n = 2 

\ % = <^j{x, t) eC, t>0, 3 = !,■■■ ,n 

(1.19) 

where fij and = f3ij are constants. The system ( I1.19P arises in ap- 
plications of many physical problems, especially in the study of inco- 
herent solitons in nonlinear optics. Physically, the solution $j denotes 
the J— th component of the beam in Kerr-like photorefractive media. 
The positive constant Hj is for self-focusing in the j—th component of 
the beam. The coupling constant /3 is the interaction between the first 
and the second component of the beam. As > 0, the interaction is 
attractive, while the interaction is repulsive if /3 < 0. 

Mathematical work on systems of nonlinear Schrodinger equations 
have been studied extensively in recent years, see for example O [TU 
EH |3ll nil HSl m] and references therein. Phase separation has been 
proved in several cases with constant potentials such as in the work 
[3 [in 1221 EH 1131 IS] as the coupling constant (3 tends to negative in- 
finity. In symmetric case (a = 6 = 0,//i = gives infinitely 
many non-radial positive solutions for /3 < — 1 which are potentially 
segregated type. In a recent paper of Peng and Wang [39], the au- 
thors considered the multiplicity of solutions . They proved the ex- 
istence of infinitely many solutions of synchronized type to fll.lSp for 
radial symmetric potentials a(|x|), satisfying some algebra decay 
assumption. Their proof is in the spirit of the work |46] . 

The second result of this paper concerns the existence of infinitely 
many synchronized solutions for potentials without any symmetry as- 
sumption. 

We assume that a{x),b{x) satisfy the following conditions: 

J {H[) a{x), b{x) — )■ as |x| — )■ 00, a{x), b{x) >0 as \x\ — 00, 
\ {H'2) 3 < r/ < 1, lim|^.|^oo(a2a(x) + -f^b{x))e^\''\ = +00, 

(1.20) 

where 0,7 are constants defined in (13.101) . 

The energy functional associated with problem (ll.lSp is 

J(m, v) = - I I Vwp + (1 + da)u'^ + \Vv\^ + (1 + Sb)v^dx 
2 Jrn 

— - /" HiU^ + jji2v'^dx — ^ I u^v'^dx, u,v E H^(R'^). 

4 JrN 2 Jj^n 

The second result of this paper is as follows: 
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Theorem 1.2. Let the potential a,b satisfies assumption {H[),{H2). 
Then there exists /3* > 0, and 5q > 0, such that for /3 G (— /?*,0) U 
(0, min{/ii, ^2}) U (max{/ii, /i2}, 00), and < 6 < 60, problem U.18\) 
has infinitely many positive synchronized solutions. 

The main technical difference between the scalar problem (11 .11) and 
the system (11.181) is that the system has higher Morse index for the 
bump profile. Since we only the nondegeneracy of the bump, we can 
still perform the secondary Liapunov-Schmidt reduction. 

The rest of the paper is organized as follows: Theorem 11.11 is proved 
in Section [2l In Section [3l we give the proof of Theorem II. 2[ 

Throughout this paper, unless otherwise stated, the letters c, C will 
always denote various generic constants that are independent of k for 
6 small enough. 

Acknowledgment. Juncheng Wei was supported by a GRF grant 
from RGC of Hong Kong. 

2. Infinitely many solutions and the proof of Theorem 11.11 

2.1. Liapunov-Schmidt Reduction. In this section, we use the stan- 
dard Liapunov-Schmidt reduction procedure to solve problem (II. ip . 
Since this has become a rather routine procedure, we omit most of the 
proofs. (The only part we need to pay attention to is the independence 
of all the coefficients on the number of spikes k.) We refer [1], [53] and 
[25] for technical details. 
Let ?7 G (0, 1) and we define 

W := J2 e"''l-^< (2.1) 

Consider the norm 

\\h\\, = sup \W{x)-^h{x)\ (2.2) 

where (Qi, ■ ■ ■ , Qk) £ and is defined in (I1.12p . 
We first estimate the error in the above norm. 

Lemma 2.1. Given < r] < 1. For p large enough, and any Qk ^ A^, 

6 < e~^'', the following estimate holds: 

\\S{wc,,)\U<ce-^^, (2.3) 
for some constant ^ > and c independent of p, k and Q^. 
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Proof. Observe that 



-SVwci, + f{wciJ-Y,fM- (2-4) 



Firstly, fix j G {1, . . . , A;} and consider the region \x — Qj\ < f • In 
this region we have 



i=l 



< Cif'{wQ^)e-^^ + e 



(1 + 't)p , 



(2.5) 



for a proper choice of ^ > 0. 

Consider now the region |x — Qjl > f , for all j. We get in the region 
under consideration 



< C 



i=l 



+a)\x-Qj\ 



(2.6) 



< ce-^'Y' 



for some ^ > 0. 

Secondly, it is easy to see that under the assumption on 6 



for some ^ > 0. 

From the above estimates (12. 5p . (12.61) and (12.71) . we get that 

||5(«^Qj|U<ce-«'' 

for some > independent of p, k and Q^. 



(2.7) 



(2.8) 

□ 



The following proposition is standard. We refer to and further 
improvements of [1]. 

Proposition 2.1. Given < r] < 1. There exist positive numbers po, 
C and ^ > such that for all p > po, and for any Qfc G A^, 6 < e'"^^, 
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there is a unique solution (0Qj., {Qj}) to the following problem: 

( A{wci, + M - (1 + ^y)iwQ, + M + fi^Q, + 0qJ = Ei=l,..,fcJ=l,..,ArCii%, 

I Irn (f)Q^Zijdx = fori = l,--- ,k,j = !,■■■ ,N. 

(2.9) 

Furthermore (pQ^ is in and we have 

UqM < C\\S{wctM* < Ce-^P, |c,,| < ce-«^. (2.10) 

2.2. A secondary Liapunov-Schmidt reduction. In this section, 
we present a key estimate on the difference between the solutions in 
the A;— th step and [k + 1)— th step. This second Liapunov-Schmidt 
reduction has been used in the paper 

For (Qi,--- ,Qfc) e Afc, we denote uq^^...^q^ as wq^^,„^q^ + <pQi,...,Qk^ 
where 4>Qi,---,Qk unique solution given by Proposition 12. 1[ The 

main estimate below states that the difference between itQi, -- .q^+i and 
■"Qi. - .Qfc + '^Qk+i is small globally in //^(R^) norm. 

To this end, we now write 

= ^Qi,-,Qfc + V'fc+i (2-1) 
= W + ^k+i, 

where 

By Proposition 12.11 we can easily derive that 

\Wk+i\l<Ce-^P. (2.2) 

However the estimate (12.21) is not sufficient. We need the following 
key estimate for ipk+i- (In the following we will always assume that 

Lemma 2.2. Let p, 5 he as in Proposition \2. 1\ Then it holds 
[ {\Vipk+i\' + d-,i) < Ce~^'J2''i\Qk+l-Q^\) (2.3) 

+ CS\[ VWQ^^dx + {! \V\wQ,^,dxf), 

for some constant C > 0, ^ > independent of p, k, rj and Qk+i G Afc+i. 

Before we proceed with the proof, we need the following lemma which 
can be found in Lemma 2.3 in [6]. 

Lemma 2.3. For \Qi — Qj\ > p large, it holds that 

f f{w{x - Q.))w{x - Q,)dx = (71 + e-^P)w{\Q, - Q,\) (2.4) 
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for some ^ > independent of large p and 

71= /" f{w)e-y'dy>0. (2.5) 



Proof of Lemma \2.S[ To prove fl2.3p , we need to perform a further 
decomposition. 

As we mentioned before, under the assumptions (/i) — (/2), there ex- 
ists a unique positive eigenvalue with eigenfunction (pQ of the following 
linearized operator: 

Acf)- + f{w)(j) = Xi(j) (2.6) 

which is even and has exponential decay. We fix (j)Q such that maXj^g^iv (po 
1. Denote by (pi = Xi4>o{.x — Qi), where Xi is the cut-off function intro- 
duced in Section 1.2. 

By the equations satisfied by (pk+i, we have 

Lipk+i = S + ^ CijZij (2.7) 

i=l,--- ,k+l,j=l,--- ,N 

for some constants {cy}, where 

L = A - {1 + SV) + f{W), 

' \ f'(W), if = 0, 

and 

We proceed the proof in a few steps. 
The L^-norm of S is estimated first: 

By the estimate in Proposition 12. ![ we have the following estimate 

l/(wQi, -,Qfe + WQk+i) - /(«Qi,-,qJ - f{wQk+i)\'^dx 

k 

<ce-«^^«;(|Qfc+i-g,|), 
1=1 

and the last term can be estimated as 

/ {5VwQ,^,rdx < C6' [ V^wl^^dx. 

So by the above two estimates, we have 

||^|li.(MiV)<C(e-«^X^mQ.+i-g.|) + 5' / V'wl^^dx). (2.8) 
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By the estimate (12.21) . we have the following estimate 

k+l 

W = J2Hx-Qi) + 0{e~^^^^^^). (2.9) 

i=l 

Decompose (pk+i as 

k+l 

(fk+i = tp + ^Ci(j)i+ ^ dijZij (2.10) 

i=l i=l,--- ,k+l,j=l,--- ,N 

for some Cj , dij such that 

/ i(j(pidx = / ^ljZijdx = 0, i = l,...,k, j = l,...,N. (2.11) 
Since 

(fk+i = (pQi,- ,Qk+i ~ 'pQi,-,Qk^ (2-12) 
we have for i = 1, ■ ■ ■ ,k, 

dij = [ (fk+iZij 

i,-,Qk+i - 4>Qu-,Qk)^i3 



and 

dk+l,j = / fk+lZk+l,j 

= / i'pQi,-,Qk+i - ^Qi,-,Qk)Zk+i,j 

JRN 

= - <pQi,-,Qk^k+l,j, 

Jrn 

where we use the orthogonality conditions satisfied by 0Qi,...,Qj. and 
^Qi,--- ,Qk+i- So Proposition 12. H we have 



\dij\ = for 2 = 1, ■ ■ ■ ,k, 

|4+i,,|<ce-«^Etie-''l' 



(2.13) 



By (12.101) . we can rewrite (12. 7p as 
fc+i 

Li^ + ^CiL{(t>i)+ ^ dijLZij = S+ ^ CijZij. 

1=1 i=l,-,k+l,j=l,-,N i=l.--- ,k+l.j=l,-,N 

(2.14) 



12 WEIWEI AO AND JUNCHENG WEI 

To obtain the estimates for the coefficients q , we use the equation 

(TO). 

First, multiplying f l2.14p by 0j and integrating over M^, we have 

N 

{L{(t>i))(t), = -Y^d,, / L{Z,,)^, (2.15) 



where 

J^M S(l)^\ < ce-^Pe-^\Q^-Q>'+^\ + 6\ J^^ VwQ,_^,(l)dx\ for z = 1, ■ ■ ■ , A; 

(2.16) 

From (12.91) we see that 

(I0,)0, = -Ai [ <Pl + 0(e-(i+«)^). (2.17) 

Combining (I2.13P and (l2.15p -f ETT7|) . and the orthogonal conditions 
satisfied hj ip, we have 

\ci\ < ce-«^e-^IQ-Q'^+il + d\ J^^ Vwq,^,Mx\ + e^^^'H V||hi(Bp (g,)), ^ = 1, 

(2.18) 

Next let us estimate i/j. Multiplying f l2.14p by -0 and integrating over 
R^, we find 

/ L{ij)ij = ! Sip- V dij [ L(%)7/.(2.19) 

>^K"' -^^^ ,=i,..,fc+ij=i,..,jv 

fc+1 „ 

- y^ci {L<j)i)ip. 

We claim that 

' [-L(0)^] > co||^||^i(j,^) (2.20) 



for some constant Cq > 0. 

Since the approximate solution is exponentially decay away from the 
points Qi, we have 



/ > \ I 



|VV^P + |^|l (2.21) 

?p-i(Qi) ^ JR^\UiBp_i(Qi) 



INFINITELY MANY SOLUTIONS 13 

Now we only need to prove the above estimates in the domain UiBp^ {Qi 
We prove it by contradiction. Otherwise, there exists a sequence p„ — > 
+00, and qI""^ such that 

/ |V?/;„p + = 1, / 0, as n cx). 

Then we can extract from the sequence ipni- — Q'f^) a subsequence 
which will converge weakly in H^CR^) to i/joo, such that 

/ |VV'ooP + |^oop-/'H^L = 0, (2.22) 

and 

f dw 

^oo(po= iJ^j— = 0, fori = !,■■■ ,N. (2.23) 

From f l2:22|) and ([223]), we deduce that i/j^ = 0. 
Hence 

^ weakly in iJ^(M^). (2.24) 



So 



/ /'(^)^n ^ as n ^ 00. (2.25) 



We have 

llV^nllffHSp^^i) as 72 00. (2.26) 
— 2 — 

This contradicts the assumption 

UnWm = 1. (2.27) 

So we get that 

/ l-Liij)^] > coiml^^^^y (2.28) 
Jrn 

From fl^3^ and ^M>, we get 

< C(^ IdijlllV'lllfi(RiV) + \Ci\\\lp\\miBpiQ,)) 
ij i 

+ ||^|U2(R^)||V'lkHM^'))- (2.29) 
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So by estimate fl2.18p and the above, 



miRN) < c(^|6?,,| + e-«''^e-''l«'=+-«^l (2.30) 



1=1 



+ ^ / \V\^Q.+^dx+\\S\\L2(^^N^). 
From fl27[3l) ([23]) and flOOD . and recall that r/ > i, we get that 

fc k 

+ 5/ \V\wQ,^,dx + 5{ I VWQ^^dxY^). (2.31) 

Since we choose 77 > |, by the definition of the configuration space, 
we have 

k k 

(^e-.iQ.-Q...i)2 < c^^dg, - g,+,|). (2.32) 

i=l i=l 

By (I23B and ([232]), we thus obtain that 

Ikfe+ill^MRiV) < C{e-^P(y2w{\Qk+i- Qi\))^ + S \V\wq dx 

+ y"<.,.dx)'^)- (2-33) 

The estimate 02. 3p then follows. 

Moreover, from the estimate 02.181) and 02.13p . and taking into con- 
sideration that Xi is supported in BE^Qi), using holder inequality, we 
can get a more accurate estimate on tpk+i, 

hk-^iWrniR-) < C{e'^'{J2'^{\Qk+l-Q^\))-^+S (/ y'K,^,dx)-^ 

i=l i = l,-,fe + l -^^PiQi) 

+ V'K.^M')- (2-34) 

□ 
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2.3. The Reduced Problem: A Maximization Procedure. In 

this section, we study a maximization problem. Fix G A^, we 
define a new functional 

M{Qk) = JM = J[WQ, + 0qJ : A,. ^ M. (2.1) 

Define 

Cfc = supQ^gAj>l(Qfc)}. (2.2) 

Note that A^(Qfc) is continuous in Q^- We will show below that the 
maximization problem has a solution. Let Ai{Q,k) be the maximum 
where = (Qi, ■ ■ ■ , Qk) e Afc, that is 

M{Qi,--- ,Qk)= max M{Qk), (2.3) 

and we denote the solution by Uq^ ... q^. 

We first prove that the maximum can be attained at finite points for 
each Ck- 

Lemma 2.4. Let assumptions (HI) — {H2) and the assumptions in 
Proposition \2.1\ he satisfied. Then, for all k: 

• There exists Qk = {Qi, Q2, - ■ ■ , Qk) ^ A^ such that 

Cfc = A^(Qfc); (2.4) 

• There holds 

Ck+i>Ck + I{w), (2.5) 
where I{w) is the energy of w, 

I(w) = l I {\Vw\^ + w^)- I F{w)dx. (2.6) 

Proof. In this part, we follow the proofs in [11] but we use the estimates 
we derived in Section 3. We divide the proof into several steps. 

Step 1: Ci > I{w), and Ci can be attained at finite point. First using 
standard Liapunov-Schmidt reduction, we have 

UqWh^ <4^Vwq\\l2. (2.7) 
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Assuming that \Q\ — )■ oo, then we have 

J{^q) = \ I iVuQp + ul- I F{uQ)d: 
H — / SVu%dx 



2 



>/H + - / SVwt^dx + UQrm 

> I{w) + - f SVwldx + I S^VWgdx 

2 Jrn J^n 

>I{w) + hl SVwldx- sup \wq\^ [ 5\V\dx] 

4 Jbp{Q) B|q|(0) JsuppV- 

"2" 

> liw) + 11 SVw^gdx - 0(e-il'3l). 

4 Jbp{Q) 



By the slow decay assumption on the potential V, we get that 
1 
4 



If 6Vw^Qdx-0{e-l\^\) >0, lor |Q| large, 
^ Jbp{q) 



so 

Ci > J{uq) > I{w). 

Let us prove now that Ci can be attained at finite point. Let {Qi} be 
a sequence such that liiRi^oo -M^Qi) = Ci, and assume that \Qi\ oo, 



+ 0qJ + kg, + <pQ^ dx- F{wq^ + (j)Q^)dx 



= \ i l^^Q.l'^ + \wQfdx - F{wQjdx 

- / F{wq, + 0qJ - F{wq^) - f{wQj(f)Q^dx + ]- I 5V{wq^ + (pqfdx 

JRN ^ JRN 

< I{W) + c\\S{wqM12(^rN) + 1 SViwQ^ + (Pgfdx 

^ Jrn 

< I{w) + 0{f S'Wq4x) + \ f 5V{WQ^ + cl^Q^dx. 

JR^ ^ JR^ 
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Since V{x) — )■ as \x\ — >■ oo, we have 

0{ I 6^V^Wq4x) + J / SV{wq^ + (t>Q,fdx as z cx). 
So we have 

Ci = hm J(wqJ < /(«;). 

i— >oo 

A contradiction. Thus Ci can be attained at a finite point. 

Step 2: Assume that there exists = (Qi, ■ ■ ■ , Qfc) ^ ^fc such that 
Cfc = A^(Qfc), and we denote the solution by Uq^ ... q^, 

Next, we prove that there exists (Qi,--- ,Qk+i) ^ A^+i such that 
Ck+i can be attained. 

Let {{Qi^\ ■ ■ ■ , Qk+i))n be a sequence such that 

Ck+i= \im M{Q^r\- ■■ ^Qkli)- (2-8) 

n— >oo 

We claim that (Qi"'', ■ ■ ■ , Qk+i) is bounded. We prove it by contra- 
diction. Without loss of generality, we assume that IQg ^1 — oo as 
77, — )■ oo. In the following we omit the index n for simplicity. 

AUQ,,-,Q,^,) (2.9) 

= 'HuQu-,Q,+WQ,+i) 

+ / ^iuQ^,■■■,Q,+WQ^^^)Vipk+l + {l + SV){uQ^^...^Q^+WQ^^^)ipk+l 

+ WQk+i)'Pk+idx 

+ ^Qk+i + ^fc+i) - F{uq^,..,q, + W'Q.+J 

= JiuQ^,-,Qk + ^Qfe+i) + C'(||<^fc+i||^i(KiV) 

+0(e-«''5^w;(|gfc+i-g,|) + 52(/ VWQ^^^dx + {[ VwQ,^,dxf), 
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and 



<^(«Qi,-,Q.+^Q.+J (2-10) 
+ / Vmq,,.. ,q,Vwq^^^ + (1 + 6V)uq^^... ,Q^WQ^^^dx 



<Ck + I{w) + }- [ 6Vwl^^dx 



- / /(wQir--,Qj^Qfc+i + /(«'Qfc+i)^iQi,--,Qfc^2: + 0(e-«''y'M^(|Qfc+i-(5i|)) 
-/ '^CijZijWQ^^^dx- /(w'Q.+Jl^'Qi.-.Q, +0qJ 

+0(e-«''^mQ,.+i-g,|)). 

i=l 

By estimate (12.101) . and that the definition of Zy, we have 

|Vc,, /" %«;Q,^,rfx| <ce-^''Vti;(|gfc+i-g,|). (2.11) 

^=l ■J^'' i=l 

By the equation satisfied by (f)k 

j=l,...,fcj = l,---,Ar 

where 

N{<PqJ = fiwct, + 0qJ - /(i/^qJ - /'(i/^qJ^Q,, (2.12) 
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we derive that 



N 

/ (A - l)WQ^^^(t)Qjx 

/ (A - l)(f)Q^WQ^^^dx 
Jrn 



i=l,--- ,k,j=l,--- ,N 

We can further choose i] such that t] + a > 1, (l + o")?7> 1 ,we can 
easily get that 

/ imci.) - f'M<l>Q>Q.^.dx < Ce-«^ J]i/;(|gfc+i - Q,\)), 



and 



/ y2^ii^ij^Qk+idx < ce ^fy2w{\Qk+i - Qi\), 



<c{6 [ Vwa,,WQ,^,dx + 5e-^P j Y.^-^^''~'^^\VwQ,^,dx 
Jrn Jrn ^ 

k 

+e~^pJ2wi\Qk+i-Q^\)). 



1=1 

By the above four estimates, we have 

k 



/ f{wQ,^J(j)Qjx < c{5e Ve "I" "^^WwQ.^.dx + 5 / Vwct,WQ,^,dx 

JR^ Jrn ~[ JRN 

k 

+ ce-«''^u;(|QfcH.i-g,|)). (2.13) 



i=l 
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So we have 

fiwQ,^,){wQ^^...,Q^ + 0Qjcix (2.14) 

JV 

= / f{wQ,^,)wQ,,...,Q,+0{e'^^J2'^{\Q,+^-Q,\)) 
> lliJ^wilQ,^, - Q,|) + 0(e-«^^«;(|Q,+i - Q,\)) 



i=l i=l 
k 



Thus combining ([23D, fCTJj) . fimi) and fimj) . we obtain 

AuQ^,-,Q.J (2.15) 

<Ck + I{w) + l I 5Vwl dx---iy^w{\Qk+i-Qi\) 
+0{e-^py2w{\Qk+l-Q^\) + Se~^P [ Y^e-^^^-'^^^VwQ^^^dx 

By the assumption that — )■ oo, 

/ 6Vw'^ dx + 6e~^^ e""''^"'^'' Vtw („> + 5 / Vwq^w (r^) dx 

+5'^ I V^w'^ .r.) + / Vw )2 as n ^ oo, (2.16) 



and 

fc 



- \lY.'^i\Qk+i - Q.I) + 0(e-«''^ i/;(|Q,+i - g.D) < 0. (2.17) 



4 

i=l 1=1 



Combining (ES]), fl27[5ll . (Eliaiand (ElE]), we have 

Cfc+i <Cfc + /(z/;). (2.18) 

On the other hand, since by the assumption, Ck can be attained at 
(Qi, ■ ■ ■ , Qfc), so there exists other point Qk+i which is far away from 
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the k points which will be determined later. Next let's consider the 
solution concentrated at the points (Qi, ■ ■ ■ , Qk, Qk+i), and we denote 
the solution by Uq^ ... q^q^^^, then similar with the above argument, 
using the estimate f l2.34p of (fk+i instead of fl2.3p . we have the following 
estimates: 

Ji^Qu-,Q.,Q.J = J(^Qu-,qJ + IH + 1 [ ^Vwl dx (2.19) 
+ 0( (/ SW^^^^dxt^r + Oif SW^^^^dx) 

k 

- o{J2H\Qk+i - Q^D) 
1=1 

k 

+ 0{6e~^^ [ X^e"^l-"«^ly«;Q,^,rfx + 5 / Vw^^WQ,^,dx). 

By the asymptotic behavior of V at infinity, i.e. lim|2.|_i.oo V{x)e^^^^ = 
+00 as I a; I — ?■ oo, for some f] < 1, we further choose r] > f], then we can 
choose Qk+i such that 

> (2.20) 



rj — rj 



then we can get that 



\l 5Vwl^^dx + 0{ (/ 5'vWQ^^^dx)'^f [2.21] 

+0{ [ 5'V'wl^^dx) - 0(Y^{\Qk+, - Q.D) 

+0{5e-^P f Ye-^\--^^\VwQ^^^dx + 5 f Vwc^^WQ^^^dx) 

JR^ ~l JR'^ 



j=l,--- ,k 



So 



Ck+i > JiuQ^,-,Q„Q,J >Ck + I{w). (2.22) 
Combining fl2:22ll and fl238D . one get that 

Ck + I{w) <Ck+i<Ck + I{w). (2.23) 

A contradiction. So we get that Ck+i can be attained at finite points 
in Afc+i. 
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Moreover, from the proof above, we can get a relation between Ck+i 
and Ck- 

Ck+i>Ck + I{w). (2.24) 

□ 

Next we have the following Proposition: 
Proposition 2.2. The maximization problem 

maxA^(Q) (2.25) 

QeAfe 

has a solution Q G A^, i.e., the interior of Ak- 

Proof. We prove it by contradiction again. If Q = {Qi,--- ,Qk) £ 
(9Afc, then there exists {i,j) such that \Qi — Qj\ = p- Without loss of 
generality, we assume (i, j) = {i, k). Then follow the estimates in (12. 9p . 
f l230|) . flin]) and (^Ml, we have 

Cfe+i =J{uq^,„qJ (2.26) 

2 jRiV 

fc-1 fc-1 

i=l i=l 

< Ck-i + I{w) 

fc-1 fc-1 

+OiS) - ^T^^'d^fc - ^^1) + 0(e-«''^i/;(|gfc - Q.|)). 

i=l j=l 

By the definition of the configuration set, we observe that given a a 
ball of size p, there are at most := 6^ number of non-overlapping 
balls of size p surrounding this ball. Since \Qi — Qk\ = Pi we have 

fc-1 

'"^\Qk - Q^\) = w{\Qi - Qk\) + $^«'(|Q, - Qfcl) 

i=l j^i 

and 

Y,w{\Q^-Qk\) < Ce-P + CNe-P--^ +--- + &^e-f>-^ + ■■■ 



j=0 



00 
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if Cat < 62, which is true for p large enough. 
So 

Ck+i < Ck-i + I{w) + c5- -^-iw{p) + 0(e-(i+«>) (2.27) 
<Cfc_i + /H. 

This reaches a contradiction with Lemma 12.41 □ 

2.4. Proof of Theorem II. li In this section, we apply the results in 
Section 12. 1^ 12.21 and Section 12.31 to prove Theorem 11.11 

Proof of Theorem By Proposition 12.11 in Section 2, there exists 
Po such that for p > po, we have map which, to any Q° G A^, 
associates ^qo such that 

S{wcio + (pQo)= ^ CijZij, / (pQo Zijdx = 0, (2.1) 

i=l,-,k,j=l,-,n ■^^'^ 

for some constants {cij} G M.^^ . 

From Proposition 12.21 in Section 12. 3^ there is a Q G that achieves 
the maximum for the maximization problem in Proposition 12.21 Let 
uqo = wqo + (pQo . Then we have 

^qJq,=Q°A^(Q°) = 0, t = l,---,k, j = l,---,N. (2.2) 

Hence we have 



dQi 



~ 'dQ~ 1'3»='3? ~ ' 

which gives 

E = (2.3) 

for s = 1, ■ ■ ■ ,k,l = 1, ■ ■ ■ , A^. We claim that (12. 3p is a diagonally 
dominant system. In fact, since J^t^ (pQZgidx = 0, we have that 

ZsI-^\q,=Q°^= - 0QTr^ = 0, if s ^ 

If s = i, we have 

-b=QH = l- I 4>Q^\ 
dQij ' ' JiRiv dQij 

<C||0Qll* = O(e"i(i+«)). 



Zii- 
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For s i, we have 

For s = i, recall the definition of Zij, we have 



For each (s, /), the off-diagonal term gives 



\Q^ = Qt + 2^ / ^Sl 



= {0{e--2) + 0{e~P)) (2.5) 
= 0(e-5^). 

So from (12 ■4p and (I2.5p . we can see that equation (12.31) becomes a 
system of homogeneous equations for c^/, and the matrix of the system 
is nonsingular. So c^/ = for s = I,-- - = I,-- - ,A^. Hence 
uqo = wqo + (f)Qo is a solution of (II. ip . 

Similar to the argument in Section 6 of [2S], one can get that uqo > 
and it has exactly k local maximum points for p large enough. 

3. Synchronized vector solutions and the proof of 

Theorem 11.21 

In this section, we consider the elliptic system (11.181) and prove The- 
orem [L2l 

3.1. Notations and Liapunov-Schmidt reduction. Let < 3 and 

w be the unique solution of 

Aw - w + w'^ = 0, , . 

■w{0) = max^.g]jjjv w{x), — j- as |a;| — )■ oo. \ ■ J 

It is known that the following asymptotic behavior holds 

'l + 0{- 

(3.7) 



w{r) = ANr-^e-'{l + 0{^)), w'{r) = -A^r" Ve-"(1 + 0(1)), 



for r large, where A^r > is a constant. 

Note that the limit system as (5 — )■ for (11.181) is 

—Au + u = fiiu^ + (3v'^u, 
—Av + V = fi2V^ + (3u^v, 

and that 

{U,V) = {aw,-fw) (3.9) 



(3.8) 



INFINITELY MANY SOLUTIONS 25 

solves ( 13 -Sp provided that j3 > max{/ii, yU2} or — y^/ii/^ < P < min{/ii, (12}, 
where 

(It has been proved in [17] that for 13 > max{/ii, ^12}, all solutions to 
dSSD are given by (1^ .) 

We will use {U, V) as the building blocks for the solution of fll.l8p . 

Let p > and the configuration space be defined as in Section [T] 
For Qk = {Qi, - ■ ■ , Qk) G Afc, we define 

(Uq^.Vq^) = (f/(x - Q.),V{x - g,)), (3.11) 

and the approximate solution to be 

fc fc 
^Q. = E^Q- ^Q.=E^Q- (3.12) 



Denote by 



i=l 1=1 



Am — (1 + 5a{x))u + fiiu^ + 



At; — (1 + 6b{x))v + fi2V^ + l^u^v 



For / = ( ] ,9 = { 1 , we denote by 



(/,<7)= / hgi + f292dx. (3.14) 



The proof of Theorem 11.21 is similar to the proof of Theorem 11.11 
Fixing Qfc = (Qi, • • ■ , Qk) e Afc, our main idea is to use (^/q^, VqJ as 
the approximate solution. First using the Liapunov-Schmidt reduction, 
we can show that there exists a constant po? such that for p > po, and 
6 < Cp, for some constant Cp depend on p but independent of k and Q^, 
we can find a (^q^. , ■0q^ ) such that 



where Zij is defined as 



(3.16) 

where Xi(x) = x(^|^z^) and x(t) is a cut off function , such that 

2 

X{t) = 1 for |t| < 1 and x(0 = for \t\ > We can show that 
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(0Qfci i^Qk) is in Qfc. After that , for any k, we define a new function 

we maximize Ai^Qk) over A^. 

For large p, and fixed points G A^, we first show solvabihty in 



{( ^ J ! {cjj}} of the non hnear projected problem 

f ^{Uq, + M - (1 + '^«(^))(^Q. + 0qJ + /^l(f^Q. + <^qJ' 
A(Vq, + ^Q,) - (1 + Sb{x)){Vct, + V'qJ + /i2(V^Q, + i^Q,f 

'/'Q. ^ f %i _ for z = 1, ■ ■ ■ , A;, J = 1, ■ ■ ■ , A^. 



(3.18) 



Define 



W{x)= e-''l"-^»l, (3.19) 

and the norm to be 

= sup |l^(x)-'/ii(x)| + sup \W{x)~'h2ix)\. (3.20) 



First we need the following non- degeneracy result: 

Lemma 3.1. There exists (3* > 0, such that for /3 G (— /3*,0) U 
(0, min{/ii, /Z2}) U (max{/ii, ^^2}, C)o), (t/, V^) is non- degenerate for the 
system Ii3.8\) in H^{M.^) in the sense that the kernel is given by 

dU dV 

Proof. For the proof, see the proof of Proposition 2.3 in [39]. □ 

From now on we will always assume that 

(3 G (-/3*,0) U {0,mm{fii,fi2}) U (max{^i, //z}, 00). (3.22) 

Similar as in Section |2l the following proposition is standard. 

Proposition 3.1. Given < i] < 1. There exist positive numbers po, C 
and^ > such that for all p > po, and for any G A^, 6 < e~'^'' , there 

is a unique solution (( '^^^ ] ,{cjj}) to problem \3.18\) . Furthermore 



Qfe 
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(0Qfci'0Qfc) i'lT' Qk CLfid we have 

\\{<pQ„M\U* <C\\S(^ ^^^^ Ce-^", (3.23) 

\c,j\ < Ce~^P. (3.24) 

3.2. A Secondary Liapunov Schmidt Reduction. Similar to tlie 
estimate in Section 12. 2^ we liave the key estimate on the difference 
between the solutions in the k—th. step and (/c + 1)— th step. From now 
on, we choose > |. 

For (Qi, ■ ■ ■ , Qfc) e Afc, we denote ( ^'Si'-'Q^' ) as ' ^^^'-'^^^ + 



where ( ^^^'"''^k j jg the unique solution given by Proposition 13.11 
We now write 



9)-{ ) 



where 



^ ] = ( ) + ( ^Ofc+i 

V J V ^Qu-,Qk J V ^Qk+i 
We have the following estimate for ipk+i'- 

Lemma 3.2. Let p, 6 be as in Proposition \3 . 1\ Then it holds 

[ (|V^fc+i,ir + + (|V<^fc+i,2|' + d+i,2)dx (3.26) 

k 

<C(e-«^5^^(|g,+i-Q,|) 

+S'{f a'U'Q^^^ + b'Vl^^dx + {f \a\UQ,^, + \b\VQ,^,dx)'), 

for some constant C > 0, ^ > independent of p, k, rj and Q 6 A^+i. 

Proof. To prove (13.261) . we need to perform a further decomposition. 

From the non- degeneracy result of (f/, y), we have that there are 
finite many positive eigenvalues to the following linearized operator: 

A0,,i - + 3/iit/V,,i + PV^h,i + mV(t>j,2 \^.( A 

(3.27) 
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and the eigenf unctions 0j are exponential decay. Assume that Xj > 
for J = 1, ■ ■ ■ , K. Denote by (pij = Xi^Pji^ ~ Qi)^ where Xi is the cut-off 

function introduced in Section 2 and Sj = ( ^J'^ 

By the equations satisfied by fk+i, "we have 



Ltpk+i = S + ^ CijZij (3.28) 

i=l,--- ,k+l,j=l,--- ,N 



for some constants {cij}, where 



L 



and 



and 



S 



Vk+1,2 



- (1 + + 3;Uif/Vfc+i,i + 2pVUipk+i,2 + P{V + ^k+l,2yVk+l,l 

A(/?fc+i,2 - (1 + Sb)ipk+i,2 + 3^2V'Vfc+i,2 + 2/3UVipk+i,i + /3{U + v9fc+i,i)Vfc+i,2 



if (pk+1,1 7^ 



3U=< _ v'fe+i.i 

3f/2, if = 0, 

2y = ^ ' it ¥^^+1,2 t 

2?, if (/9fc+i,2 = 0, 



, if ipk+1,2 7^ 



3V^ if </.fcH_i,2 = 0, 

2t/, if = 0, 



5 ( 



The L^-norm of S is estimated first: 
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By the estimate in Proposition I3.H and recall that 77 > | we have 
the following estimate 

k 

<Ce-^''^«;(|gfc+i-Q,|), 
1=1 

and 

/ i6aUQ,^,r + iSbVQ,^,rdx<C6' [ a'Ul^^^+h'V^^^dx. 
So we have 

||^|li.(M-)<C(e-«''X^«;(|g,+i-g.|)+52 / a'U'Q^^^ + b'Vl^^dx). 
i=i -'^^ 

(3.29) 

Decompose tpk+i as 

ipk+i = * + J2 + J2 '^^^^''i (^-^o) 

i=l,--- ,fc+l,«=l,--- i=l,--- ,fc+lj=l,--- ,7V 

for some , dij such that 

cPa) = 4) = 0, z = 1, A; + 1, J = 1, iV, / = 1, ■ ■ ■ , ir. 

(3.31) 

Since 

- ( ) - ( t:l ) • '^■^^) 

we have for z = 1, ■ ■ ■ , A;, 

dij = {(pk+i, Zij) + iii{(j)ii,Zij) 

l=l,-,K 

- <(t:;::::)-(t:;::)-^^>^j:,,^"<*-^"> 

= ^a{(/>ii, Zij) 
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and 

dk+l,j = Zk+lj) + ik+l,l{'Pk+l,l, Zk+lj) 



where we have used the orthogonahty of the eigenfunctions and the or- 
thogonahty conditions satisfied by V'Qir-.gJ and {(j)Q^,- ,q^^-,,iPq^,- ,q^^^)- 

So by Proposition 13. H we have 

\dij\ < ce-^PY.i=i,-,K^ii for i = 1, ■ ■ ■ , /c, 

(3.33) 

|4+i,,| < ce-«^Elie-^"^^"'^'=+^' +e-^''E;=i,..,i^4+i,/. 
By f l3.30p . we can rewrite f l3.28p as 

1"^+ ^ iiiL(j)a+ ^ dijLZij = S+ ^ CijZij. 

i=l,- - ,k+l,l=l,--- ,K i=l,--- ,fc+lj=l,--- ,N i=l,--- ,k+l,j=l,--- ,N 

(3.34) 

To obtain the estimates for the coefficients in , we use the equation 
First, muhiplying f l3.34p by (pu and integrating over M^, we have 

N 

iii{L{(j)ii),(j)ii) = -'Ydij{L{Zij),(f)u) + {S,(j)ii) (3.35) 

i=i 

where 

Qk + l 



\{SA^l)\<ce-^'e-^\Q^-Q^+^\ + S\{{ ly"^'^^ ] ion = !,■■■ ,k 



(3.36) 

By the equation satisfied by (pi, we have 

(L0,„0i^) = -6,iXiX,{(j)iA,) + 0ie-^n- (3.37) 
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Combining fl3.33p and fl3.35p -( l3737|) . we have 

(3.38) 

and 



( \dij\ < ce-«''e-''l<3«-'3fc+il 



^E,=i,...;v^l(( 5^^;^^; ) + e-«1l^||HMi^.(Q.)) for ^ = 1, 

(3.39) 

Next let us estimate ^. Multiplying fl3.34p by \1/ and integrating over 
we find 

{im,^) = (S,^)- Yl t^.,(^(4)'*) (3-40) 

i=l,--- ,k+l,j=l,--- ,N 



■ , k, 



i=l,- - ,k+l,l=l,- ,K 



(L(*),vl/)>co||vl/||^,.j, (3_4i 



We claim that 



for some constant Cq > 0. 

Since the approximate solution is exponentially decay away from the 
points Qi, we have 

^ (3.42) 
Now we only need to prove the above estimates in the domain VJiBp^ (Qi)- 

2 

We prove it by contradiction. Otherwise, there exists a sequence pn — )■ 
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+00, and Q^'^ such that 

[ |VM"V + + |V^5"^|2 + l^^^^l^dx = 1, 

2 

(L(^(")),^("))^^^^_^(^(„)^ ^ 0, as n ^ cx). 

Then we can extract from the sequence — Q["'^) a subsequence 

which will converge weakly in H^{W) to ^00, such that 

iv^oo,ir + i^oo,ir - Sfiiu^^i^, + iv^oo,2r + i^oo,2r - Sfi2v^^i^^ 

-l3U'^lo,2 - ^V'^l,! - mV^oo,i'^oo,2dx = 0, (3.43) 

and 

(vl/^, = (M/^, (^fj^y = 0, ion = !,■■■ ,K, J = !,■■■ ,N. 

(3.44) 

From (IM3D and (KU^ . we deduce that ^'oo = 0. 
Hence 

^(") ^ weakly in H\R^). (3.45) 

So 

/" 3/iit/2(*S"^)2 + 2/3y[7^^"^^S"^ 

+2/3f/F^i"^^5"^ + /3(f/ + ipk+i,iy{^^2^fdx as n ^ 00. 
We have 

II^^"^I|hi(b,„_i) ^Oasn->oo. (3.46) 
— 2 — 

This contradicts the assumption 

= 1. (3.47) 

So we get that 

-(L(vI/),M/)>co||vl/||^.(j,.). (3.48) 
From ^M\f and ^M), we get 
||^||^i(M-)<c(5^M.,||(I(%),*)| + $^|4||(M^^)| + |(^,vl;)D (3.49) 

piQ^)) + X] \^il\\\'^\\HHBpiQ,)) + ||S'||i2(KiV)||^'||^^i(iRiV)). 
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From (lOSjl (l339l) (Km and (Km . we choose r/ > |, we get that 

k k 

< C(e-«^^e-'^l«'=+-«»l + e-«^(^«;(|Q,+i - g,|))^ (3.50) 

j=l i=l 

+ 5 [ \a\UQ,^.^ + \b\VQ,^,dx + 6i[ a^Ul^^^ + 
Since we choose > |, we have 

A: A; 

(^e-.IQ.-Q..il)2 < C^«;(|Q, - Q.+il). (3.51) 



i=l i=l 

By fl330D and fl33T|) . we thus get that 

A: 



llv^fc+ill/fMR^) < Ci^e ^P{\2w{\Qk+l-Q^\))^ + 6 \a\UQ^^^ + \b\VQ^^^dx 

+ 5(/ «'^i^, + ^V4^^rfx)^). (3.52) 

Moreover, from the estimate (13.381) and (I3.39p . and take into consid- 
eration that Xi is supported in BE{Qi), using holder inequahty, we can 
get a more accurate estimate on (pk+i, 

k 

\\^k+i\\m{R'^) < C{e-^p{^w{\Qk+i- Qi\))^ 



2=1 



i=l,..,fc+l Jb,{q,) 

□ 

3.3. The Reduced Problem: A Maximization Procedure. In 

this section, we study a maximization problem. Fix G A^, we 
define a new functional 

-M(Qfc) = ^(^Q.,^Qj: Afc^R. (3.1) 

Define 

= max{7W(Qfc)}. (3.2) 
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Since M{Qk) is continuous in Q^, the maximization problem has a 
solution. We will show below that the maximization problem has a 
solution. 

We first prove that the maximum can be attained at finite points for 
each Cfc. 

Lemma 3.3. Let assumptions {H[), {H'2) and the assumptions in Propo- 
sition \3J\ he satisfied. Then, for all k: 

• There exists Qk = (Qi, Q21 ■ ■ ■ , Qk) G such that 

Cfc = A^(Qfc); (3.3) 

• There holds 

Ck+i>Ck + I{U,V), (3.4) 
where I{U, V) is the energy of {U, V), 

I{U,V) = 11 \VU\'^ + + \VV\^ + V^dx 

- \ ! inU^ + iiiV^dx-^ [ U^V^dx (3.5) 

Proof. The proof is similar to the proof of Lemma 12.41 We divide the 
proof into several steps. 

Step 1: Ci > I{U,V), and Ci can be attained at finite point. First 
using standard Liapunov-Schmidt reduction, we have 

\\i<PQ,ijQ\\m<CmaUQ,bVQ)\\L2. (3.6) 

Assume that \Q\ 00, then 



JiuQ,VQ) = l: [ |V([/q + 

^ Jrn 



6a){UQ + (jiQ^dx 



+\ I |V(V^Q + ^q)P + (1 + + i^qfdx 

^ Jrn 

^ f 'TT , 1 \A , ,, , „/, n4 . Pi (TT , i, \2ni , „/, ^2, 



= I{Uq,Vq) + ^- I aUl + hV^dx + 5'\\{aUQMQ)\\hi^RN~, 
2 Jrn 

>HUq,Vq) 



5{\a\ + \b\)dx] 

(Q) -B|Q|(0) J supp{a^a+^^b)- 



+ j[ [ KaUl + hV^)dx - sup (f/J + V^) I 

4 JBpiQ) (0) Js', 

^ 4 

>I{U,V) + - [ 5{aU'Q + bV^)dx-0{e-l\'^\). 
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By the slow decay assumption on the potential a, b, we get that 
i / 5{aU'Q + bV^)dx-O{e-l\^\)>0. 

^ JBp{Q) 
1 



So 

Cr>J{uQ,VQ)>I{U,V). 

Let us prove now that Ci can be attained at finite point. Let {Qi} be 
a sequence such that linij^oo A^(Qj) = Ci, and assume that \Qi\ oo, 
by the same argument as above, 

J{uq^,vq:) = I(U,V) + l5 [ aUl^ + bV^dx 

+ 0{5^ [ a'Ul + b'Vldx), 
as Qi — !■ OO, by the decay assumption on a, b, we have 
^ / aU^^ + bV^Jx + 0(6^ [ a^Ul^ + b'^V^M) ^ as i ^ cx). 



Thus 



Ci = lim J(mq,, i'qJ < I{U, y) as i ^ oo. (3.7) 



Contradiction! So Ci can be attained at finite point. 

Step 2: Assume that there exists = {Qi-,-'' ^Qk) G such 
that Ck = Ai{Qk), and we denote the solution by {uq^ ... q^,Vq^ ... qJ. 

Next, we prove that there exists {Qi,- ■■ ,Qk+i) G A^+i such that 
Cfc+i can be attained. 

Let ((Qi""*, • • ■ , Q^k}i))n be a sequence such that 

Ck+i= \imM{Q^r\--- ,Qk+i)- (3-8) 

n— >oo 

We claim that {Q^j^\--- ,Qk+i) is bounded. We prove it by con- 
tradiction. Wlog, we assume that iggj — 7- oo as n — > oo. In the 
following we omit the index n for simplicity. 



JiuQi,-,Qk+i^VQu-,Qk+i) (3-9) 
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i=l,--- ,k,j=l,--- ,N 



i+1 

VQi,-,Qk J ' V ^Qk+i 



\a\UQ,^, + \b\VQ,^,dx)\ 
where we use the condition that {Zij, fk+i) = for i = 1, ■ ■ ■ , k, and 



J(( ""Q^' -'Q" ] + ( ^Q^+i )) (3.10) 



^ Jrn ^ 

i=l,--- ,k,j=l,--- ,N ^ 



/ Ul Vq^^^Vq^^...,Q^+V^ UQ^^^UQ^^...^Q^dx 

k 

+0(e-«''5^i/;(|Qfc+i-g,|)). 



i=l 



By estimates fl3.23p and that the definition of Zjj, we have 

f \\<ce-^f>Y^w{\Qk+l-Q^\). (3.11) 

i=i V ^'-■+1 / i=i 

Similar as the estimate fl2.13p . we can get that 
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So we have 



/ Uq^^...^q^+^2V^ vq^,..,qJx (3.12) 

Jrn 

J^" i=i 

+5 [ at/Q,?7Q,^, +6VQ,l^Q,^,rfx + e-«^ J]«;(|gfc+i-g,|)) 

i=l i=l 

Jrn 

where 71 is defined in (12. 5p with f{t) = and A = fiia^ + /i27^ + 
2/3^272 > 0. 

So by (ES]), flarrol) . (EUD and fl332D . we obtain 

-^(^Qi.-.Qfe+i'^Qi.-.Qfc+i) (3-13) 
<C, + /(f/,y) + | / aUi^^^+bVl^^dx 

-^A7i5^«;(|g.+i - g.l) + 0(e-«''^w;(|g,+i -Q,|)) 



i=l i=l 
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k 



By the assumption that IQ^'^^I — )■ oo, 
+6' [ a'U^Q + b'Vl^^ + 5\ [ \a\UQ,^, + \b\VQ,J' ^ o as n -> oo, 

and 

- ^^71 ^«;(|gfc+i - Q,\) + Oie-^Pj2^v{\Qk+i - Q^\)) < 0. (3.14) 

i=l i=l 

Combining (13.81) . (13.1 3p and the above estimates, we have 

Ck+i<Ck + I{U,V). (3.15) 

On the other hand, since by the assumption, Ck can be attained at 
(Qi, ■ ■ ■ , Qk), so there exists other point Qk+i which is far away from 
the k points which will be determined later. Next let us consider the 
solution concentrated at the points (Qi, • ■ ■ ,Qk, Qk+i)- We denote the 
solution by {uq,...^q^^q^^^ ,Vq q^^q^^J. By si milar argument as the 
above, using the estimate (I3.53P instead of (I3.26p . we have the following 
estimates: 

Ji'^Qu- ,Qk,Qk+v^Qi,- ,Qk,Qk+i) (3.16) 

k 

+i I aUl^^^ + bV^^^dx + OC£^{\Q,^,-Q,\)) 

+0(5e-«^ / ^ e-^l^-'3'l(a[/Q,,, + fe^Q.^Jcix + b [ aU^^UQ,^, + bV^^Q.^Jx 

JR'^ ~l JR^ 

+^^[ -'Ui^.. + b^yl..dx + i if -'Ui^^. + b'yl^.dxm- 

Jr^ i=l,..,fc+l ^B,{Q,) 

By the slow decay assumption of a, b at infinity, i.e. \im\^\^oo{c('^(^ + 
^2^^gf7|x| _ _s. some < 1, we can further choose 
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r] > f], and choose Qk+i such that 

> ''^•' + '"^ (3^17) 



7] — 7] 



This imphes that 
2 



/ aUl^^^+hV^^^dx + 0{Y,^{\Qk+i-Q.\)) (3.18) 



,fc+l 
k 

so 

C.+l > ^(«Q„...,Q„Q.,„^Q„...,Q„Q.,J >C. + /(^,^)- (3.19) 

Combining (I3.19P and fIS.lSp . one get that 

Ck + I{U, V) < Ck+i <Ck + I{U, V). (3.20) 

We have reached a contradiction with fl3.15p . So we get that C^+i can 
be attained at finite points in A^+i. 

Moreover, from the proof above, we can get a relation between Ck+i 
and Ck- 

Ck+i>Ck + I{U,V). (3.21) 

□ 

The next following Proposition excludes boundary maximization. 
Proposition 3.2. The maximization problem 

max M{Qk) (3.22) 

has a solution G ^k> '^■^■> interior o/Afc. 

Proof. We prove it by contradiction again. If = {Qi,--- ,Qk) ^ 
9Afc, then there exists {i,j) such that \Qi — Qj\ = p- Without loss of 
generality, we assume = {i,k). Then following the estimates in 
dSSD, dlTO]) . (I31TD and (13^12]) . we have 
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Ck+i = ^(«Qi,..,q,,^Qi,..,qJ (3.23) 
< Ck-i + /([/, V) + l f aU^^ + hVQ.dx 

^ k-l k-l 

i=l i=l 

<Ck-i + I{U,V) 

k-l k-l 
i=l i=l 

Similar to Section [2731 by the definition of the configuration set, we 
have 

Ck+i <Ck-i + nU,V) + cS-^-fiw{p) + 0{e-^'+^^P) (3.24) 
<Ck-i + I{U,V). 
This is a contradiction with Lemma [3.31 □ 

3.4. Proof of Theorem 11.21 In this section, we apply the results in 
Section 13.11 13.21 and 13.31 to prove Theorem 11.21 

Proof of Theorem li.i^ - By Proposition 13.11 in Section 13. H there exists 
Po such that for p > po, we have map which, to any Q° G A^, 
associates (/)qo such that 

( vZ + tZ _ ^_ ^ ( ) ' ^''^ ^ °' 

(3.1) 

for some constants {cij} G M.^^ . 

From Proposition 13.21 in Section 13. 2[ there is a Q G that achieves 
the maximum for the maximization problem in Proposition 13.21 Let 

'^Q° \ = ( \ ^ ( 

^qJq,=Q°-M(Q°) = 0, i = lr--X 3 = lr--,N. (3.2) 
Similar to the proof of Theorem 

(3.3) 

for s = 1, ■ ■ ■ , /c, / = 1, ■ ■ ■ , A^. 



Then we have 
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We can get that (13.31) is a diagonally dominant system for Cgi- So 
= for s = 1, ■ ■ ■ ,k,l = 1, - ■ ■ , N. Hence (mq°, vqo) is a solution of 

dniD. 
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